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The radar experiment connects the geometry of spacetime with an observers measurement
of spatial length. We investigate the radar experiment on Finsler spacetimes which leads to a
general definition of radar orthogonality and radar length. The directions radar orthogonal
to an observer form the spatial equal time surface an observer experiences and the radar
length is the physical length the observer associates to spatial objects. We demonstrate
these concepts on a forth order polynomial Finsler spacetime geometry which may emerge
from area metric or pre-metric linear electrodynamics or in quantum gravity phenomenology.
In an explicit generalisation of Minkowski spacetime geometry we derive the deviation from
the euclidean spatial length measure in an observers rest frame explicitly.
I. INTRODUCTION
One fundamental axiom of special relativity is that the magnitude of the spatial speed of light
is a constant c for every observer. This axiom, which has been experimentally verified to high
accuracy, see for example section 2.1.2 in [1], leads directly to the fact that observers are able to
determine the spatial length of a given comoving object via the following radar experiment. An
observer emits a light signal which propagates along the object, the light gets reflected at the edge
of the object and propagates back to the observer as sketched in figure 1. The spatial length ` the
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FIG. 1. Sketch of a radar experiment: An observer emits light along an object which propagates back to
the observer.
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2observer associates to the object is now given by half of the time interval τO between the emission
and the redetection of the light by the observer multiplied by the constant speed of light c
`(Object) =
τO
2
c . (1)
Since the propagation of light is encoded in the geometry of spacetime, this experiment intertwines
an observers notion of lengths and spatial directions with the spacetime geometry. In general and
special relativity the radar experiment is analysed in Minkowski respectively Lorentzian metric
geometry where light propagates along the null cone of the metric geometry of spacetime. It
yields that the spatial lengths ` of an object is measured with the spacetime metric and that the
orthogonal spatial complement to the observer, i.e. the set of spatial directions which generate the
observers equal time surface, is given by orthogonality to the observers tangent with respect to the
spacetime metric.
Throughout this article we analyse the radar experiment on generalisations of Minkowski, re-
spectively Lorentzian metric geometry, namely on Finsler spacetimes. Here the geometry of space-
time is not determined by a spacetime metric but by a general length function for vectors. Our
goal is to analyse how an observers measurements of length via a radar experiment is intertwined
with the spacetime geometry based on such a general length measure. As we will see the analysis
of the general Finsler geometric case includes the known results from metric spacetime geometry
for a length function L(Y ) = g(Y, Y ), where g is the Lorentzian spacetime metric. In physics
Finslerian spacetime geometries are realised for example in area metric electrodynamics [2, 3] and
pre-metric electrodynamics [4], they are considered as extensions of special [5–7] and general rela-
tivity [8, 9] and appear in the studies of quantum gravity phenomenology [10, 11]. The study of
the non metric electrodynamics demonstrate that it is justified to keep the usual interpretation of
the null directions on spacetime also on Finsler spacetimes, namely that these are the directions
along which light propagates. The applications as spacetime geometry extending general relativity,
or as effective geometry emerging from quantum gravity phenomenology show that it is important
to understand how observers measure spatial lengths in Finslerian spacetime geometries. Here we
develop a precise formalism which enables us to compare such theories with simple length measure-
ments and to study their deviation from special and general relativity. The introduction of radar
lengths and radar orthogonality is only the first step in the analysis of measurable consequence
of a Finslerian spacetime geometry. In an ongoing project we consider the other axiom of special
relativity, the existence of inertial observers, and study the transformations between different ob-
server on Finsler spacetimes as well as the change in the time dilations and length contractions
3compared to metric spacetime geometry.
The investigation of the radar experiment for a general Finslerian spacetime geometry leads
to the definition of radar orthogonality and radar length without the need of a spacetime metric.
Directions radar orthogonal to a timelike observer direction form the spatial complement of the
observer, i.e the directions the observer experiences as spatial equal time surface. The radar length
obtained via the radar experiment yields the physical spatial length an observer associates to
spatial objects. Moreover the introduction of the concepts of radar orthogonality and radar length
is also of mathematical interest. The question how to define orthogonality on normed vector spaces
without a scalar product has a long history, see [12] for a recent overview, and here we introduce
a generalised notion of orthogonality on vector spaces equipped not with a norm but with an
indefinite length function.
The structure of the article is as follows. We begin section II with a review of the mathematical
definitions and properties of Finsler spacetimes in section II A, which are the basis for our analysis.
Afterwards we introduce the new concepts of radar orthogonality and radar length on Finsler
spacetimes in section II B and analyse their properties in section II C. In section III we consider an
explicit non metric Finsler spacetime geometry on which we demonstrate that the new concepts are
non-trivial. After studying the most general fourth order polynomial Finsler spacetime in section
III A, we turn to a specific fourth order polynomial Finslerian geometry which can be compared
to Minkowski spacetime in section III B. We display the equal time surfaces for different observers
and derive how observers measure the spatial lengths of objects in their rest frame. Finally we
discuss our result and give an outlook on future projects based on our results in section IV.
II. RADAR ORTHOGONALITY AND RADAR LENGTH
The analysis of the radar experiment on general Finsler spacetimes leads directly to the definition
of radar length and radar orthogonality without the need of a spacetime metric. First we recall the
necessary mathematical details of the Finsler spacetime framework to introduce the language we use
throughout this article. Afterwards we immediately define the notions of radar orthogonality and
radar length and clarify how these describe the radar experiment. In the final part of this section
we investigate the mathematical properties of radar orthogonal vectors and their radar length.
The results from this chapter demonstrate clearly that it is possible to define spatial orthogonal
complements to timelike observers consistently without the need of a metric spacetime geometry.
From a mathematical point of view it is surprising that radar orthogonality shares properties like
4homogeneity with inner product orthogonality without being trivial.
A. Finsler spacetimes
Finsler spacetimes are a very general well defined generalisation of Lorentzian metric manifolds.
The difference is that instead of on a metric the geometry is based on a general length function L
which associates a number to each vector in the tangent spaces to the spacetime. In the literature
there exist various approaches to use Finsler geometry as generalised spacetime geometry, for
example in [13–15], which all have their advantages and drawbacks. Here we use the definition of
Finsler spacetimes from [9, 16] since it generalises the previous approaches and circumvents the
problem of the non existence of the geometry of spacetime along the non-trivial null directions.
To recall the basic properties of Finsler spacetimes we introduce the following notation: a
point Y on the tangent bundle TM of a manifold M in some coordinate neighbourhood V ⊂ TM
emerging from a coordinate neighbourhood U ⊂M is labeled with coordinates (x, y) and represents
the vector Y = ya ∂∂xa |x ∈ TxM . These coordinates directly give rise to the coordinate basis of
TTM and T ∗TM denoted by
{
∂a =
∂
∂xa , ∂¯a =
∂
∂ya
}
respectively {dxa, dya}.
Definition 1. A Finsler spacetime (M,L) is a four-dimensional, connected, Hausdorff, paracom-
pact, smooth manifold M equipped with a continuous function L : TM → R on the tangent bundle
which has the following properties:
(i) L is smooth on the tangent bundle without the zero section TM \ {(x, 0)};
(ii) L is positively homogeneous of real degree r ≥ 2 with respect to the fibre coordinates of TM ,
L(x, λy) = λrL(x, y) ∀λ > 0 ; (2)
(iii) L is reversible in the sense
|L(x,−y)| = |L(x, y)| ; (3)
(iv) the Hessian gLab of L with respect to the fibre coordinates is non-degenerate on TM \A where A
has measure zero and does not contain the null set {(x, y) ∈ TM \ {(x, 0)} |L(x, y) = 0},
gLab(x, y) =
1
2
∂¯a∂¯bL ; (4)
(v) the unit timelike condition holds, i.e., for all x ∈M the set
Ωx =
{
y ∈ TxM
∣∣∣ |L(x, y)| = 1 , gLab(x, y) has signature (,−,−,−) ,  = |L(x, y)|L(x, y) } (5)
contains a non-empty closed connected component Sx ⊂ Ωx ⊂ TxM .
5The Finsler function associated to L is F (x, y) = |L(x, y)|1/r and the Finsler metric gFab = 12 ∂¯a∂¯bF 2.
The fundamental geometry function L defines the geometry of a Finsler spacetime in a similar
way as a Lorentzian metric defines the geometry of a Lorentzian spacetime. All details on the
geometry of Finsler spacetimes and their interpretation from a physics viewpoint can be found
in the articles [9, 16]. As a remark observe that for a two homogeneous fundamental geometry
function L(x, y) = gab(x)y
ayb, built from a Lorentzian metric with components gab(x), Finsler
spacetimes are Lorentzian metric spacetimes.
Most important for the definition of radar orthogonality and radar length are two properties
of Finsler spacetimes which follow from requirement (v) of Definition 1. The first one is that
L(x, y) defines an indefinite length function for vectors in TxM , i.e. it associates to each vector
Y = ya∂a ∈ TxM a real number, but is not positive definite
L : TxM → R (6)
Y = ya∂a 7→ L(x, y) . (7)
Thus L is not a norm on TxM and we rather call it an indefinite length function since there
exist vectors with positive, negative and null length, similarly as on Lorentzian metric spacetimes.
The second important property is the precise definition and existence of timelike vectors. In each
tangent space to the manifold it is guaranteed that there exists a cone of vectors Cx ⊂ TxM ,
bounded by null vectors, obtained from a rescaling of the shell Sx defined in requirement (v) of
Definition 1. The elements of Cx are identified as the timelike and Sx as the unit timelike directions
at the point x on the Finsler spacetime (M,L), see [16] for a proof and more details. These two
highlighted properties of Finsler spacetimes enable us to define a notion of orthogonality which
defines a spatial complement to each timelike vector in TxM and the physical spatial length of each
element of this complement. We now introduce to the central definitions of this article.
B. Definition of radar orthogonality and radar length
In the literature on orthogonality in normed spaces without scalar product exist various gen-
eralisation of the usual definition of orthogonality with respect to an inner product, see [12] for a
modern survey. One possible generalisation of scalar product orthogonality on a normed space, so
called isosceles orthogonality, is that an element u of the normed space is orthogonal to another
element v if and only if ||u + v|| = ||u − v||. The notion of orthogonality we introduce here is a
modification of the isosceles orthogonality adapted to the existence of nontrivial null vectors and
6can be interpreted as the description of the physical radar experiment. Instead of a norm || · ||
we formulate the orthogonality condition in terms of the fundamental geometry function L which
measures the lengths of vectors in the tangent spaces of a Finsler spacetime.
Definition 2. Let (M,L) be a Finsler spacetime and let U be a timelike vector in the tangent space
TxM at x ∈ M . A vector V ∈ TxM is called radar orthogonal to U if and only if there exists a
scalar `U (V ) such that C = `U (V )U + V and C˜ = `U (V )U − V are null vectors from the boundary
of the cone of timelike vectors Cx ⊂ TxM
L(C) = L(x, `U (V )U + V ) = 0 and L(C˜) = L(x, `U (V )U − V ) = 0 . (8)
We denote radar orthogonality by the symbol U ⊥R V .
The geometric idea behind this definition of orthogonality is that the timelike vector U is decom-
posable into null vectors C = `U (V )U + V or C˜ = `U (V )U − V and an orthogonal vector V as
sketched in figure 2. In general it is possible that there exist more than one null cone in the tangent
spaces of a Finsler spacetime along which light propagates, see for example the bi-metric example
in [16], that is why we specify the light cone in the definition of radar orthogonality. On a flat
Finsler spacetime, where the tangent space of the spacetime can be identified with the spacetime
itself, this situation models a radar experiment in which an observer on a worldline with timelike
tangent U emits a light ray with tangent C that gets reflected by a mirror at the end of V and
propagates back to the observer along a trajectory with tangent C˜, as discussed in the introduction
and sketched in figure 1. The function `U (V ) is then interpreted as spatial length of V measured by
the observer with worldline tangent U in units of time. To convert the length in units of time into
the length in conventional length units one multiplies the radar length `U (V ) by the constant speed
of light c. On a curved Finsler spacetime radar orthogonality and radar length still describe the
radar experiment infinitesimally, since there exist coordinates on the tangent bundle of a Finsler
spacetime around each tangent space TxM in which curvature effects appear only at second order
in the new coordinates [17].
Definition 3. Let (M,L) be a Finsler spacetime and let U ∈ TxM be a timelike vector and V
be radar orthogonal to U . The scalar `U (V ) determined from the orthogonality condition is called
radar length of V with respect to U .
Definition 4. Let (M,L) be a Finsler spacetime and let U ∈ TxM be a timelike vector. We call
the set of all radar orthogonal vectors S(U) the spatial complement of U in TxM
S(U) = {V ∈ TxM |U ⊥R V } . (9)
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FIG. 2. Geometric interpretation of radar orthogonality. For every timelike U there exists a multiple `U
which can be decomposed into a null vectors C or C˜ and a spatial vector V .
The properties of the new notions of radar orthogonality and radar length on Finsler spacetimes
can best be studied by a power series expansion of the orthogonality condition (8) with respect to
the components of V and with respect to the components of U in manifold induced coordinates.
Theorem 1. Let U = Ua∂a be a timelike vector in TxM and let V = V
a∂a be radar orthogonal to
U . The orthogonality condition translates into
0 =
∞∑
k=0
1
(2k + 1)!
V a1 . . . V a2k+1 ∂¯a1 . . . ∂¯a2k+1L(x, U)(−1)2k+1`U (V )−(2k+1) (10)
0 =
∞∑
k=0
1
(2k)!
V a1 . . . V a2k ∂¯a1 . . . ∂¯a2kL(x, U)`U (V )
−2k , (11)
respectively into
0 =
∞∑
k=0
1
(2k + 1)!
Ua1 . . . Ua2k+1 ∂¯a1 . . . ∂¯a2k+1L(x, V )(−1)−(2k+1)`U (V )(2k+1) (12)
0 =
∞∑
k=0
1
(2k)!
Ua1 . . . Ua2k ∂¯a1 . . . ∂¯a2kL(x, V )`U (V )
(2k) . (13)
Proof of Theorem 1. The proof of Theorem 1 is straightforward. Expand equation (8) into
a power series with respect to the components of V , respectively U , around V = 0, respectively
U = 0, use the homogeneity of L and its derivatives with respect to the direction variables to
obtain the powers of ` and realise that the odd and even derivative terms of the expansion have to
vanish separately to satisfy the orthogonality condition. 
Observe that for polynomial Finsler spacetimes L(x, y) = Ga1...ar(x)y
a1 . . . yar , which are straight-
forward generalisations of Lorentzian metric manifolds, the infinite sums in the equations (10) to
8(13) terminate after finitely many terms. For r = 2, a polynomial Finsler spacetime is a Lorentzian
metric spacetime and we see directly from the expanded orthogonality condition, equations (10)
and (11), that we recover the standard notions of orthogonality and spatial lengths from Lorentzian
metric geometry
0 = V a1 ∂¯a1L(x, U)(−1)`U (V )−1 ⇒ Ga1a2(x)V a1Ua2 = G(U, V ) = 0 (14)
0 = L(x, U) +
1
2
V a1V a2 ∂¯a1 ∂¯a2L(x, U)`U (V )
−2 ⇒ `U (V )2 = −G(V, V )
G(U,U)
. (15)
Next we investigate further properties of the generalised radar orthogonality and radar length on
Finsler spacetimes.
C. Properties of radar orthogonality and radar length
The radar orthogonality and the radar length introduced in the previous section are defined
by two equations, either equations (10) and (11), or equivalently equations (12) and (13). One of
the two equations always determines the spatial length function `, the other determines the radar
orthogonal complement to the timelike reference vector in consideration. Here we want to show that
the radar orthogonality and the radar length on Finsler spacetimes share some nice properties with
the corresponding notion on Lorentzian metric spacetimes like the scaling behaviour of the radar
length `U (V ), a kind of non-degeneracy and a homogeneity condition. It is surprising that radar
orthogonality has these properties without being trivial since it has been shown that if isosceles
orthogonality admits these properties the normed space of consideration must be an inner product
space. This is definitely not the case here, as it can be seen from the explicit non-trivial examples
we present in the next section. Other properties, like additivity, namely that from U ⊥R V and
U ⊥R W follows U ⊥R (V + W ), are no longer valid in the general case since the orthogonality
condition is no longer linear in its arguments.
Theorem 2. Let (M,L) be a Finsler spacetime and let U ∈ TxM be timelike, V be radar orthogonal
to U and µ, λ ∈ R, then
`λU (µV ) =
µ
λ
`U (V ) , (16)
i.e. `U (V ) is homogeneous of degree one in V and homogeneous of degree minus one in U .
Proof of Theorem 2. Consider equation (11) and write the zeroth order term on the left hand
side of the equation to obtain
− L(x, U) =
∞∑
k=1
1
(2k)!
V a1 . . . V a2k ∂¯a1 . . . ∂¯a2kL(x, U)`U (V )
−2k . (17)
9The left hand side of the equation is r-homogeneous with respect to U and zero homogeneous with
respect to V . To guarantee this scaling behaviour for every term on the right hand side `U (V )
must be homogeneous of degree one in V and homogeneous of degree minus one in U . The same
conclusion can be drawn from equation (13). 
Theorem 3. Let (M,L) be a Finsler spacetime and let U ∈ TxM , then
U ⊥R U ⇔ L(x, U) = 0 , (18)
i.e. the only vectors radar orthogonal to themselves are null vectors. In particular this means that
no timelike vector can be orthogonal to itself.
Proof of Theorem 3. If U ⊥R U , then by definition L(x, `U (U)U +U) = L(x, `U (U)U −U) = 0.
By the r-homogeneity of L with respect to the direction coordinates y we have
L(x, `U (U)U + U) = L(x, U)(`U (U) + 1)
r and L(x, `U (U)U − U) = L(x, U)(`U (U)− 1)r . (19)
Thus to satisfy the orthogonality condition either L(x, U) = 0 has to hold or `U (U) + 1 = 0 and
`U (U) − 1 = 0. The later condition can not be fulfilled but be avoided if and only if `U (U) = 0.
The latter inserted in the orthogonality condition again yields L(x, U) = 0. The other way around,
for L(x, U) = 0 the orthogonality condition is trivially satisfied for V = U by the homogeneity of
L as displayed in equation (19). 
As a remark observe that the zero vector is radar orthogonal to all timelike vectors U , directly
from the defining equation (8) and from the fact that the zero vector has vanishing radar length
`U (0) = 0. This implies that the spatial complement S(U) always contains the zero vector and is
never the empty set.
Theorem 4. Let (M,L) be a Finsler spacetime and let U ∈ TxM be timelike, V be radar orthogonal
to U and µ, λ ∈ R, then
U ⊥R V ⇔ λU ⊥R µV , (20)
i.e. radar orthogonality is homogeneous.
Proof of Theorem 4. From the scaling behaviour of `λU (µV ), proven in Theorem 2, follows the
scaling behaviour of the terms in the orthogonality condition
L(x, `λU (µV )λU + µV ) = L(x, µ`U (V )U + µV ) = L(x, `U (V )U + V )µ
r (21)
L(x, `λU (µV )λU − µV ) = L(x, µ`U (V )U − µV ) = L(x, `U (V )U − V )µr . (22)
10
Hence
L(x, `λU (µV )λU + µV ) = L(x, `U (V )U + V )µ
r = L(x, `U (V )U − V )µr = L(x, `λU (µV )λU − µV )
⇔ L(x, `U (V )U + V ) = L(x, `U (V )U − V ) . (23)
Thus the orthogonality conditions L(x, `λU (µV )λU + µV ) = L(x, `λU (µV )λU − µV ) = 0 and
L(x, `U (V )U + V ) = L(x, `U (V )U − V ) = 0 are equivalent. 
Having discussed the basic properties of radar orthogonality and radar lengths we now turn to
an explicit non-trivial example Finsler spacetime geometry to demonstrate that these concepts are
indeed useful and non-trivial.
III. THE FORTH ORDER POLYNOMIAL FINSLER SPACETIMES
To demonstrate that the abstract definitions of radar orthogonality and radar length are non-
trivial we derive these notions on an explicit non-metric example geometry, which is based on
a fourth order polynomial fundamental geometry function L. We will compare the results with
the standard notions of orthogonality and spatial length known from metric geometry, where the
fundamental geometry function is a second order polynomial. First we discuss the general fourth
order polynomial case before we turn our attention to a specific flat fourth order polynomial
geometry that can be compared to Minkowski spacetime geometry.
A. The general case
A suitable example of a Finsler spacetime (M,L) beyond metric geometry is the forth order
polynomial geometry derived from a fundamental geometry function of the form
L(x, y) = Gabcd(x)y
aybycyd = G(y, y, y, y) . (24)
The infinite sums from Theorem 1 which represent the orthogonality condition reduce to the
following equations
0 = −V a∂¯aL(x, U) `U (V )−1 − 1
3!
V aV bV c∂¯a∂¯b∂¯cL(x, U) `U (V )
−3
= −4(G(V,U, U, U)`U (V )−1 +G(V, V, V, U)`U (V )−3) (25)
0 = L(x, U) +
1
2!
V aV b∂¯a∂¯bL(x, U) `U (V )
−2 +
1
4!
V aV bV cV d∂¯a∂¯b∂¯c∂¯dL(x, U) `U (V )
−4
= G(U,U, U, U) + 6G(V, V, U, U)`U (V )
−2 +G(V, V, V, V )`U (V )−4 . (26)
11
Solving equation(26) for `U (V )
2 yields
`U (V )
2 = −3G(V, V, U, U)
G(U,U, U, U)
±
√
9
G(V, V, U, U)2
G(U,U, U, U)2
− G(V, V, V, V )
G(U,U, U, U)
(27)
and can be used to eliminate `U (V )
2 in (25) to obtain a necessary condition on vectors V to be
radar orthogonality to U
0 = G(U,U, U, U)G(V, V, V, U)2 +G(V, V, V, V )G(V,U, U, U)2
− 6G(V, V, U, U)G(V, V, V, U)G(V,U, U, U) . (28)
These conditions replace the well known spatial length and orthogonality condition from metric
geometry displayed in equation (14) and (15). Equation (27) shows explicitly the scaling behaviour
of `U (V ) which was derived in Theorem 2. Observe that if V solves the necessary condition (28)
and G(V,U, U, U) as well as G(V, V, V, U) are non vanishing the only consistent solution for `U (V )
2
in equation (27) is the one with the plus sign. The solution with the minus sign is not consistent
with equation (25). Since we seek for one solution for all possible V this singles out the physical
length an observer assigns to spatial directions as the solution with the plus sign.
To be even less abstract we now study the concept of radar orthogonality and radar length on
a Finsler spacetime geometry which can be compared to Minkowski spacetime.
B. An explicit example
Here we study the concepts of radar orthogonality and radar length on a fourth order poly-
nomial Finsler spacetime that is comparable to Minkowski spacetime. To be able to display our
results graphically we restrict ourself to a three dimensional Finsler spacetime, all figures have been
obtained with Mathematica. Let M = R3 and introduce coordinates (x0, x1, x2, y0, y1, y2) on TM
such that the fundamental geometry function we are interested in takes the following form
L(x, y) = −(y0)4 + (y1)4 + (y2)4 + (y0)2((y1)2 + (y2)2) . (29)
This fundamental geometry function indeed defines a fourth order polynomial Finsler spacetime:
it is smooth, homogeneous of degree 4 and reversible, it defines a flat Finsler spacetime since it
does not depend on any coordinates of the base manifold and the components of the fundamental
tensor Gabcd are given by
Gabcd =
1
24
∂¯a∂¯b∂¯c∂¯dL . (30)
12
The important features of the spacetime geometry are depicted in figure 3: the null structure in
each tangent space is a quartic light cone, the shell of unit timelike vectors lies inside this null
cone and the set A along which gL degenerates lies outside the set of timelike vectors as required
Observe that the degeneracy set lies outside of the set of timelike vectors due to the cross term
FIG. 3. Null cone (left), future and past pointing unit timelike vectors (middle) and the set A along which
gL degenerates (right) of the Finsler spacetime geometry defined by equation (29).
(y0)2((y1)2 + (y2)2) in (29). This is why we do not consider the maybe simplest fourth order
polynomial geometry −(y0)4 + (y1)4 + (y2)4 since in this case the degeneracy of gL lies inside the
cone of timelike vectors.
We will now display the orthogonal complement of the spatial vector for observers with unit
timelike tangents
U1 = (1, 0, 0), U2 =
(16
11
) 1
4
(
1,
1
2
, 0
)
, U3 =
(1296
731
) 1
4
(
1,
1
2
,
1
3
)
(31)
and compare them with the orthogonal complements and their lengths of the corresponding ob-
servers in a Minkowski spacetime. The corresponding observers in Minkoswki spacetime are
considered with the correct normalisation with respect to the Minkowski length element LM =
−(y0)2 + (y0)1 + (y0)2
UM1 = (1, 0, 0), UM2 =
(4
3
) 1
2
(
1,
1
2
, 0
)
, UM3 =
(36
23
) 1
2
(
1,
1
2
,
1
3
)
. (32)
To obtain the radar orthogonal complement to the unit timelike tangents Ui we first solve the
necessary condition all radar orthogonal vectors V have to satisfy, equation (28). Among the
solutions there are several which are imaginary and so can be discarded. The real solutions then
are checked to solve condition (25) together with the solution
`U (V )
2 = −3G(V, V, U, U)
G(U,U, U, U)
+
√
9
G(V, V, U, U)2
G(U,U, U, U)2
− G(V, V, V, V )
G(U,U, U, U)
(33)
13
for ` from equation (27). Moreover we ensured that the real solutions indeed recombine to null
vectors as required in the original radar orthogonality condition (8). Since the necessary condition
of the vectors V , equation (28), is a sixth order polynomial in V the calculations could not be
performed analytically but only numerically with Mathematica. The spatial orthogonal equal time
surfaces of the observers with tangent Ui and UMi we obtained are displayed in figures 4 to 6.
FIG. 4. Orthogonal complement to: U1 and U1M including the trajectory λU1.
Qualitatively the same features are visible in the metric and the Finsler geometry case. From the
standard notion of orthogonality for the observer at rest in figure 4, the orthogonal complement
is a hypersurfaces that tilts towards the observers tangent for observers moving relative to the
observer at rest figure 5 and figure 6. The main difference between the Finsler case and the metric
case is the magnitude of the tilt and that in the metric geometry case the orthogonal complement
is a hyperplane, i.e. a sub vector space, while in the Finsler case the orthogonal complement of
the moving observers becomes a curved hypersurface, i.e. a submanifold.
Finally we compare the radar length of spatial objects in observers rest frames in the Finsler
spacetime in consideration , given by equation (33), and in Minkowski spacetime, given by equation
(15) with G being the Minkowski metric. Evaluating equation (33) on the vectors radar orthogonal
to U1, i.e. V = (0, v
1, v2), and evaluating (15) on the vectors radar orthogonal to U1M , again
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FIG. 5. Orthogonal complement to U2 and U2M including the trajectory λU2.
FIG. 6. Orthogonal complement to U3 and U3M including the trajectory λU3.
V = (0, v1, v2), yields by direct calculation
`U1(V )
2 =
1
2
(
(v1)2 + (v2)2 +
√
5(v1)4 + 2(v1)2(v2)2 + 5(v2)4
)
(34)
`U1M (V )
2 = (v1)2 + (v2)2 . (35)
Thus an observer at rest describing a spatial object with the spatial vector VO = (0, 1, 0) asso-
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ciates the spatial length `U1(VO)
2 = 1/2(1 +
√
5) to the object, while on Minkowski spacetime
the observer obtains the length `U1M (VO)
2 = 1. In figure 7 the two different lengths functions are
displayed as function of the components of different spatial vectors V = (0, v1, v2). As for the radar
FIG. 7. Radar lengths of objects in an observers rest frame on the Finsler spacetime and on Minkowski
spacetime.
orthogonality we observer qualitatively the same behaviour of the length function but quantitative
different values for the length of the spatial vector. The study of the length of different spatial
vectors measured in an observers rest frame on the Finsler spacetime (29) and Minkowski space-
time completes the demonstration that the concepts of radar orthogonality and radar length are
non-trivial and enable us to compare predictions from theories with a Finslerian length measure
and special, respectively general relativity.
IV. DISCUSSION
In any mathematical theory of the physical world it is necessary to describe how physical ob-
servers measure spatial lengths. One practical way to realise this measurement is to consider a
radar experiment, as we have done it throughout this article. To be able to describe this experi-
ment for a huge variety of situations like area metric electrodynamics, pre-metric electrodynamics,
extensions of special and general relativity as well as results from quantum gravity phenomenology
we investigated the experiment in a Finslerian spacetime geometry setting. The main technical
result of this article is the introduction of the concepts of radar orthogonality in Definition 2 and
radar length in Definition 3 and the fact that this generalised notion of orthogonality is homo-
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geneous in this general Finsler geometric setting, see Theorem 4. The central result for physics
is that if a spacetime geometry is described by a non-metric Finslerian spacetime geometry, then
the spatial length an observer associates to objects follows a different behaviour than on metric
spacetime. We illustrated this fact explicitly in the examples discussed in section III where we
considered fourth order polynomial Finsler spacetimes. To get an insight how the spatial length
measure could change due to the non metricity of the spacetime geometry we finally discussed
a specific flat Finsler spacetime geometry on which we derived the deviation from the euclidean
spatial length in equation (34).
This work demonstrates that physical theories based on or leading to a Finsler spacetime ge-
ometry share at least one axiom with special relativity. In all of these theories we can implement
the axiom of a constant speed of light and, as demonstrated here, analyse the consequences on the
measurement of spatial lengths for observers. In an ongoing work we investigate the other axioms
of special relativity in the context of a Finslerian spacetime geometry. We will study the existence
of inertial observers, the transformations between the observers which will be modifications of the
Lorentz transformations and we will calculate the resulting modifications in the time dilation and
length contraction due to the non-metric spacetime geometry.
A concrete important future application of our findings is to calculate the effect of first order
quantum electrodynamics corrections on the classical metric length measure. As discussed in
[3] based on the results of [18] the one loop quantum electrodynamics correction to the photon
action of Maxwell electrodynamics on a Ricci flat spacetime, i.e. on a Lorentzian metric spacetime
which is a solution of the Einstein vacuum equations, yields an area metric electrodynamics with
area metric Gabcd = ga[cgb]d + λW abcd, where W abcd is the Weyl tensor of the spacetime and
λ = α/(90pim2e). The analysis of the radar experiment in the Finsler spacetime geometry which
describes the propagation of light for this area metric geometry will yield a correction to the metric
spatial length measure which comes from first order quantum electrodynamic effects.
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